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ABSTRACT The motility assay of K. Visscher, M. J. Schnitzer, and S. M. Block (Nature, 400:184–189, 1999) in which the
movement of a bead powered by a single kinesin motor can be measured is a very useful tool in characterizing the
force-dependent steps of the mechanochemical cycle of kinesin motors, because in this assay the external force applied to
the bead can be controlled (clamped) arbitrarily. However, because the bead is elastically attached to the motor and the
response of the clamp is not fast enough to compensate the Brownian motion of the bead, interpretation or analysis of the
data obtained from the assay is not trivial. In a recent paper (Y. Chen and B. Yan, Biophys. Chem. 91:79–91, 2001), we
showed how to evaluate the mean velocity of the bead and the motor in the motility assay for a given mechanochemical cycle.
In this paper we extend the study to the evaluation of the fluctuation or the randomness of the velocity using a Monte Carlo
simulation method. Similar to the mean, we found that the randomness of the velocity of the motor is also influenced by the
parameters that affect the dynamic behavior of the bead, such as the viscosity of the medium, the size of the bead, the
stiffness of the elastic element connecting the bead and the motor, etc. The method presented in this paper should be useful
in modeling the kinetic mechanism of any processive motor (such as conventional kinesin and myosin V) based on measured
force-clamp motility data.

INTRODUCTION

Two-headed conventional kinesins are microtubule-acti-
vated ATPases that can use the free energy of ATP hydro-
lysis to carry a cargo and move processively along a mi-
crotubule (MT). It is generally believed that the mechanical
translocation of kinesins on an MT proceeds by a hand-
over-hand mechanism (Cross, 1995; Gelles et al., 1995;
Peskin and Oster, 1995; Romberg et al., 1998; Hancock and
Howard, 1999; Schief and Howard, 2001), in which one
head is always attached to the MT while the other head is
free to search for the binding site in the forward direction
and the binding of the free head facilitates the dissociation
of the bound head. That is, in this model the two heads
move symmetrically and cooperatively in carrying out the
ATP-hydrolysis-induced mechanical translocation of the
motor (and the cargo). The hand-over-hand model has also
been suggested for actin-based processive motors, such as
myosin V (Rief et al., 2000; Mehta, 2001). Recently, the
structural element responsible for carrying out this hand-
over-hand mechanism in conventional kinesin motors has
been suggested (Rice et al., 1999).

The pathway describing the coupling between ATP
hydrolysis and translocation of the motor is called the
“mechanochemical” cycle of the motor. It has been
shown recently (Schnitzer et al., 2000; Fisher and
Kolomeisky, 2001) that the mechanochemical cycle of

two-headed kinesin motors can be elucidated using the
data obtained from the motility assay of Visscher,
Schnitzer, and Block (1999) (referred to as the VSB
assay/data from now on), in which the movement of a
large bead connected with an elastic spring to a single
moving kinesin molecule can be monitored as a function
of ATP concentrations in the presence of a force clamp.
The method used to deduce the kinetic mechanism of the
cycle in these studies is based on the so-called “chemical-
kinetic” (CK) formalism in which the effect of the
Brownian motion of the bead on the turnover rate of the
motor is completely ignored (Qian, 1997, 2000;
Kolomeisky and Widom, 1998; Fisher and Kolomeisky,
1999a, b; Schnitzer et al., 2000). In other words, the force
exerted on the motor by the bead through the spring is
assumed to be constant and equal to the externally ap-
plied force. As one can see from Fig. 1 b and c of
Visscher et al. (1999) and will be shown below, the force
exerted on the motor is not constant, but fluctuates ran-
domly. This is due to the fact that the force-clamp applied
to the bead in the assay is not fast enough to compensate
the Brownian motion of the bead. Because the load-
dependent rate constants of the cycle are nonlinear func-
tions of the force exerted on the motor, the fluctuation in
the force should have an effect on the cycling turnover
rate of the motor. In a recent paper (Chen and Yan, 2001;
referred to as paper I from now on), we derived a semi-
analytic formalism that can be used to calculate the mean
velocity of the motor (and the bead) for a given mech-
anochemical cycle without neglecting the Brownian mo-
tion of the bead. Using a simple two-state model, we
showed that Brownian motion of the bead did have an
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effect on the rate of translocation of the kinesin on the
microtubule and that the estimate of the velocity based on
the CK formalism was always an overestimate. However,
the formalism is applicable only to the mean velocity of
the motor; it cannot be used to calculate higher moments
of the movement, such as the fluctuation or the random-
ness of the velocity. Since randomness was measured by
Visscher et al. (1999) and has been shown to be useful for
model differentiation (Svoboda and Block, 1994;
Schnitzer and Block, 1995), we thought it worthwhile to
develop a method to study this quantity. In this paper we
present a Monte Carlo procedure to simulate directly the
dynamic behaviors of the motor and the bead so that both
the mean and the fluctuation of the velocity of the motor
can be evaluated. We show that, similar to what we found
for the mean velocity in paper I, the randomness of the
motor velocity is also affected by the diffusion coeffi-
cient of the bead and the stiffness of the spring that
govern the Brownian motion of the bead. We also show
that randomness evaluated using the present method is
different from that based on the CK formalism. Further-
more, fluctuations of the strain and the force (stress)
generated in the spring caused by the Brownian motion of
the bead are also investigated. By analyzing the statistical
properties of the force fluctuation as a function of D
(the diffusion coefficient of the bead) and K (the stiffness
of the elastic spring), we are able to discuss the mecha-
nism by which these two parameters affect the motor
movement. We first present the mathematical basis of
the method and then discuss the simulation results for
a simple two-state hand-over-hand model for kinesin
motors.

MODEL AND METHOD

The model and its strain-dependent
rate constants

As in paper I, we use the simple two-state mechanochemical cycle shown
in Fig. 1 A to derive the Monte Carlo simulation procedure. The procedure
can be easily extended to more than two states. As described in Fig. 1 A,
the two-headed motor is always attached to the microtubule and can exist
in states 1 and 2 specified by the bound nucleotide on each head and the
“mechanical” conformation of the motor. The word “mechanical” is used
here to emphasize that transitions between two different mechanical states
result in translocations of the cargo or the motor itself. For simplicity, we
have chosen the coordinate of the “neck” of the motor (where the two
heads are joined) to specify the mechanical conformation of the motor.
Thus, as shown in Fig. 1 A, in state 1 the coordinate of the neck coincides
with that of the site to which the head is attached and the neck is displaced
by a� in the forward direction from the binding site in state 2. In this model,
there are two kinds of transitions between states 1 and 2: � and �
transitions. In the � transition, the bound head remains attached to the
same-binding site on the microtubule, while in the � transition the bound
head is detached from the binding site and the free head is attached to the
neighboring site at the same time. Thus, a forward � transition (toward the
plus end of the MT for conventional kinesins) results in a linear displace-
ment of the neck by a length of a� along the axis of the microtubule in the
forward direction. However, a forward � transition results in a forward
displacement of L � a� , where L is the length of a tubulin dimer (�8 nm).
One must note that, in this simple two-state model, both transitions are
load-dependent. In a more complicated model with more than two states,
some transitions may not depend on the load.

Let z be the strain and E(z) the energy of the spring at z. Then, if the
spring obeys Hooke’s law (Coppin et al., 1997; Svoboda and Block, 1994;
Kojima et al., 1997), we have

E�z� � 1
2
Kz2 (1)

where K is the elastic coefficient of the spring (see below for a discussion
on the actual definition of K). As used before in paper I, symbols with a bar
above represent the actual physical quantities with dimensions and those

FIGURE 1 (A). Schematic repre-
sentation of the kinetic mechanisms
of the two-state hand-over-hand
model. The two-headed motor can
exist in two states and undergo two
“power” strokes, � and � steps, when
walking from right to left. The neck
of the motor moves toward the left by
a distance � (normalized by dividing
by the length of the lattice spacing, L)
when a forward 1 3 2 transition is
executed and by a distance of 1-a
when a forward 2 3 1 transition is
executed. Rate constant k�

� is propor-
tional to the concentration of ATP
and k�

� is proportional to the concen-
trations of ADP and Pi. (B). Sche-
matic representation of the assay of
Visscher et al. (1999). The external
force, F, applied to the bead is kept
constant.
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without the bar are dimensionless quantities. Thus, the z, K, and E(z) here
are related to their respective physical quantities as z � z�/L, K � K� L2/kBT,
E(z) � E� (z)/kBT; where kB is the Boltzmann constant and T is the absolute
temperature. Let k�

� (�k��
� L2/D, where D is the diffusion coefficient of the

bead) and k�
� , respectively, be the dimensionless rate constants of the

forward and backward � transitions in the absence of the spring (and the
bead) as shown in Fig. 1 A. Then, as in paper I, we assume that the rate
constants for the two � transitions in the presence of the spring between
state 1 with strain z and state 2 with strain z � a can be expressed as

���z� � k�
� exp���	E�z� � E�z � a�
�

���z � a� � k�
� exp�	�� � 1
	E�z� � E�z � a�
�

(2)

where �� is a constant that determines the division of the elastic energy
between the forward and the backward rate constants. Note that a � a�/L is
the dimensionless strain difference between states 1 and 2 for the �
transition. Similar expressions can be written down for the � transitions.
With the substitution of Eq. 1, the four rate constants can be expressed as
a function of strain z as

���z� � k�
� e�Ka���2z�a�/2

���z� � k�
� eKa(1���)�2z�a�/2

���z� � k�
� e�K(1�a)���2z�a�1�/2

���z� � k�
� eK(1�a)(1���)�2z�a�1�/2

(3)

Note that we have expressed all four rate constants as a function of z here
(not as a function of z and z � a, respectively, as in Eq. 2 to make them
ready for simulation. Also note that some of the rate constants in Eqs. 3 are
different from those in Eqs. 14 of paper I, because z refers to the strain of
the spring here while x represents the coordinate of the bead in a special
coordinate system described in paper I. Thus, if the transition originates
from state 1 (such as the �� and �� reactions), we have z � x and the rate
constants of the two systems are identical. However, if the transition
originates from state 2 (the �� and �� reactions), then these two param-
eters are related by the relation z � x � a. The rate constants in Eqs. 3 are
the basic quantities needed in simulating the cycling kinetics of the motor.
Due to the Brownian motion of the bead, z is not constant but fluctuates
randomly as a function of time. As a result, the rate constants in Eqs. 3
are also random variables. In the next section, we show how to evaluate
this z(t).

Evaluation of z(t): the time-dependent strain of
the spring between state transitions of the motor

Consider the system in Fig. 1 B where a Brownian bead subject to a
constant external force F� is connected with an elastic spring to a motor held
fixed at x� � 0. Let x�(t) be the position of the bead at time t. Then the strain
of the spring can be expressed as z�(t) � x�(t) � x�0 where x�0 is the position
of the bead at zero strain and the Brownian motion of the bead in this
system can be described by the Langevin equation:

m
d2 x�

dt�2 � �
d x�

dt�
� F � K�x� � x�0� � ��t�� (4)

Here m and � (� kBT/D) are respectively the mass and the friction
coefficient of the bead and �(t�) is the Langevin force:

���t�� � 0

���t���t�� � 2�kBT��t � t�.

If the time of interest is long compared to �/m (when the medium is at a low
Reynolds number), the acceleration term in Eq. 4 can be neglected and we
have

��d z�/d t�� � F � K z� � ��t�� (5)

Let us define a new Langevin force �(t�) as

��t� � �2�kBT��1/2��t�.

Then, we have

���t�� � 0,

and

���t���t�� � �2�kBT��1���t���t�� � ��t � t�.

And the Langevin equation in Eq. 5 becomes

d z�/d t� � �D/kBT�	F � Kz�
 � �2D��t�� (6)

Equation 6 is the stochastic differential equation we want to solve for z�(t)
when z�(0) at time zero is given. Note that if the spring does not obey
Hooke’s law (Eq. 1), then the K� z� term in Eq. 6 is replaced by dE� /dz�.

To solve the Langevin equation (6) numerically, we first divide the time
into small intervals �t�. Then, as discussed by Riskin (1989), the value of
z� at t� � (n � 1)�t� can be evaluated from that at t� � n�t� according to

z�n�1 � z�n � D(1)�t� � �2D(2)�t�wn. (7)

Here {w0, w1, . . .} are independent Gaussian-distributed random variables
with zero mean and with variance 1, �wn� � 0 and �wnwm� � �nm, and D(1)

and D(2) are respectively the first- and the second-order Kramer-Moyal
expansion coefficients of Eq. 6: D(1) � (D/kBT)[F� � K� z�] and D(2) � D (see
Riskin (1989)). Thus, in dimensionless quantities, Eq. 7 becomes

zn�1 � zn � 	F � Kzn
�t � �2�t wn. (8)

Here F � F� L/kBT is dimensionless. From Eq. 8 one can generate a series
of z values at t � �t, 2�t, . . . with given z0 at t � 0 using the computer-
generated {w0, w1, . . .}. The computer program to generate {w0, w1, . . .}
can be found in the book by Press (1986).

Monte Carlo simulation of the cycle turnover rate

In this section we show how to use the Monte Carlo method to simulate a
long random walk on the mechanochemical cycle shown in Fig. 1 A with
time-dependent rate constants given in Eq. 3. From this random walk the
trace of the motor and that of the bead can be obtained as a function of
time. In addition, the distribution of the cycle time for the motor to
complete a forward cycle (an � transition followed by a � transition) can
also be obtained.

The simulation contains two steps: 1) to evaluate the “dwell” time for
the motor to stay in a given state before transition to another state occurs
and 2) to determine which state transition will occur at the end of the dwell
time. Because state transitions of the motor are stochastic, the dwell time
is a random variable. Let fi(t) (i � 1, 2 for the current model) denote the
distribution density function of the dwell time t when the motor is in state
i, and let Ri(�) represent the sum of all out-going time-dependent rate
constants of the motor in state i at time �:

R1��� � ���z���� � ���z����,

R2��� � ���z���� � ���z����
(9)
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where z(�) is the time-dependent strain of the elastic element at time � as
discussed in the previous section. Then, fi(t) is related to Ri(�) as:

fi�t� � Ri�t�exp���
0

t

Ri���d��. (10)

Note that when R is a constant, independent of time, the dwell time is
exponentially distributed. With a given fi(t), the random dwell time T can
be obtained from the equation

�
0

T

fi�t�dt � Ran (11)

where Ran is a random number evenly distributed between 0 and 1. Thus,
using the z(0), z(��), z(2��), . . . etc. generated from Eq. 8, the dwell time
T can be evaluated from Eqs. 10 and 11 using any numerical quadrature
procedure. In this study we have used Simpson’s rule to evaluate the
integrals in Eqs. 10 and 11. After the dwell time is evaluated, a state
transition is then selected using a random number and the transition rate
constants evaluated at that time. By repeating these two steps, a time
series (history) of state transitions on the mechanochemical cycle can be
obtained.

To obtain the velocity of the motor, we have to record the positions of
the bead and the neck of the motor as a function of time during the entire
simulation run. At any given time the position of the center of the bead,
xb(t), is related to that of the neck of the motor, xm(t), as xb(t) � xm(t) �
z(t) � l0, where l0 is the resting length of the spring (note: all the quantities
are made dimensionless by dividing by L). Note that it is not necessary to
know l0 because it is not involved in the simulation. The value of l0 is
required only when the traces of the positions of the motor and the bead are
to be plotted together in the same figure (see Fig. 2). Before the motor
makes a state transition xm(t) remains constant, but xb(t) will fluctuate as
z(t). At the moment the motor makes a state transition, both xm(t) and z(t)
change instantaneously by �a or �(1 � a), depending on the type of the
transition, and this new z(t) becomes the new z0 for the evaluation of the
next dwell time. To ensure that the steady state is obtained, the first 1000
completed cycles of the simulation are discarded before the positional
traces of the motor and the bead are recorded for analysis. In general, the
smaller the �t value used in the simulation, the more accurate the simu-
lation results are, but a longer computer time is required. For all the
calculations carried out in this study, �t � 0.001 was used (corresponding
to a time interval with dimension of 2.13 � 10�7s at D � 3 � 10�9 cm2/s).

Note that the procedure presented above is not the only method to
simulate the time evolution of a kinetic system. Another method to obtain
the time series of state transitions is to evaluate all the transition proba-
bilities at a small time �t and compare each probability with a random
number (Brokaw, 1976, 1995, 2000; Pate and Cooke, 1991). It is not clear
which method is more computer-efficient.

Randomness from the
chemical-kinetic formalism

In the chemical-kinetic formalism, the four load-dependent rate constants
of the two-state model in Fig. 1 can be expressed as:

�� � k�
� e�Fa��, �� � k�

� eFa(1���),

�� � k�
� e�F(1�a)��, �� � k�

� eF(1�a)(1���),

where F is the external force applied to the bead. Then, according to Fisher
and Kolomeisky (1999b), the randomness of this model can be evaluated
from the equation,

r �
�� � 1�	 � 2�� � 1�2


�� � 1�	
(12)

where � � ����/����, 	 � �� � �� � �� � ��, and 
 � ����/	.

MODEL CALCULATION RESULTS

In this section we present some of the simulation results
obtained for the simple two-state kinetic cycle shown in Fig.
1 using the same set of parameters listed in Table 1, used
before in paper I (Chen and Yan, 2001). The purpose is to
illustrate how the randomness of the movement of the motor
is affected by the diffusion coefficient of the bead (D) and
the stiffness of the spring (K). Before doing that, we would
like to briefly discuss the meaning of the K used in this
study. Although it is referred to as the stiffness of the spring,
K actually contains three components: the actual stiffness of
the elastic spring Ke, the stiffness of the attached motor Km,
and the stiffness of the optical trap Kt that serves as the force
clamp for the bead. The first two components are in series
and the third one is in parallel to the first two. Thus, the
resultant stiffness of the system is equal to K � KeKm/(Ke �
Km) � Kt. In general, to increase the trap sensitivity, Kt is
usually small (�0.037 pN/nm, Visscher et al., 1999). Thus,
if Km �� Ke �� Kt, then K � Ke. However, if Ke �� Km ��
Kt, then K � Km. That is, K is equal to the stiffness of the
elastic element only when Km �� Ke �� Kt.

Displacements of the bead and the motor

Traces of displacements of the motor and the bead obtained
at different values of D and K for the model at F� � 3.59 pN
and [T] � 2000 �M are shown as a function of time in Fig.
2. From a large ensemble of these traces, both the mean
velocity and the randomness of the velocity of the motor can
be evaluated. Several interesting results are obtained from
these traces. 1) The general appearance of the bead displace-
ment trace generated from our Monte Carlo simulations for
the reference case at [T] � 2000 �M, as shown in the first
picture of the upper panel, is very similar to that measured
by Visscher et al. for conventional kinesins shown in their
Fig. 1 (Visscher et al., 1999). 2) As one can see from the
first picture of panel A, although our model contains two

TABLE 1 The reference set of parameters used
in the calculation

D0 � 3 � 10�9 cm2/s K � 16 (K� � 1.03 pN/nm)
L � 8 nm a � 0.5
�� � 0.5 �� � 0.13
k� �

� � 3.75 [T] s�1 k� �
� � 3.4 � 10�2 s�1

k� �
� � 141.1 s�1 k� �

� � 4.7 � 10�3 s�1

[T] � Concentration of ATP in �M.
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4-nm substeps for each ATPase cycle (see Fig. 1), half-step
displacements are rarely seen in the trace. Most steps are 8
nm in size. This is due to the fact that �� is much larger than
��, so that the motor stays in state 1 only transiently. 3) The
general feature of the bead displacement trace does not
change too much when the ATP concentration is reduced to
20 �M (data not shown), except that the half-step displace-
ment of the bead and the motor becomes obvious. 4) As the
stiffness of the spring is reduced (from K � 16 to K � 4),
the fluctuation of the bead displacement increases. How-
ever, the correlation between the steps of the bead and the
motor is still visible (compare the first pictures in panel A
and B). 5) However, the trace of the bead displacement
changes drastically as the diffusion coefficient of the bead is
reduced more than 10-fold: steps in the trace of the bead
displacement are no longer clear-cut and are not clearly
correlated with the stepwise movement of the motor.

Strain and force fluctuations of the spring

Also shown in Fig. 2 are records of time-dependent fluctu-
ations of the strain, z�(t), of the spring caused by the Brown-

ian motion of the bead. The strain fluctuation in the spring
causes the force exerted on the motor to fluctuate. Because
our main aim in this paper is to study the effect of the force
fluctuation on the cycling rate of the motor, it is important
to study how the fluctuations of the strain and the force in
the spring are affected by the values of D and K. Fig. 3, A–D
show the distribution of the amplitudes of z�(t) evaluated
from the Monte Carlo simulations at 5 kHz band width at
different values of [T], K, and D. As one can see from the
figures, the distribution of the strain amplitude becomes
broader and the whole curve shifts toward the right (higher
value of z) as K or D decreases, and this effect is propor-
tional to the concentration of ATP (or the velocity of the
motor). However, one must note that the effect of D on the
strain is not noticeable if D is reduced only by 10 times from
the reference value (D0 � 3 � 10�9 cm2/s). The strain
distribution curves can be converted into the distribution of
the force generated in the spring (or the force exerted on the
motor) as shown in Fig. 3, E and F. Interestingly, K seems
to mostly affect the shape of the distribution (variance) and
D mostly affects the mean value: the distribution becomes
narrower (sharper) as K decreases and the mean value of the

FIGURE 2 Sample records of displacements of the motor and the bead evaluated at different values of K and D. The ATP concentration and the external
force applied to the bead used in the calculations are [T] � 2000 �M and F� � 3.59 pN. The values of the D and K are indicated in the figure where D0 �
3 � 10�9 cm2/s. The time-dependent strain of the spring, z�(t), evaluated for each case is shown at the bottom of each panel. All the data were recorded
at a frequency of 20 kHz from simulations after the first 1000 cycle completions were removed and the displacements of the motor and the bead were plotted
together using l0 � 20 nm. Note the value of l0 is not required in calculating the displacement traces (see text).
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force increases as D decreases. Furthermore, the effect of K
on the shape of the distribution is not greatly influenced
by the ATP concentration (or the velocity of the motor),
while the effect of D on the mean force is (compare Fig. 3,
E and F).

To quantitatively characterize the strain fluctuation, we
have evaluated �z�� and 	z�

2 from the distribution density
curves in Fig. 3. They are plotted as a function of D for the
F� � 3.59 pN case in Figs. 4, A and B for three K values at
[T] � 40 and 2000 �M, respectively. Also shown in each
figure are the corresponding equilibrium mean and variance
of the strain of the spring evaluated in the absence of the
movement of the motor (represented by the closed circles on
the right vertical axis) [see Wang and Uhlenbeck (1945)]:

�z��eq � F/K, (13)

�	z�
2�eq � kBT/K, (14)

where F� is the external force applied to the bead. One must
note that Eqs. 13 and 14 apply only when the stiffness of the

spring is linear (i.e., Hooke’s law applies). If the stiffness of
the spring is nonlinear, these two quantities can be evaluated
by Monte Carlo simulation.

As one can see from Figs. 4, A and B, both �z�� and 	z�
2

increase as K decreases at given D and [T]. This is not
surprising, because for a Brownian particle connected to a
spring the displacement of the particle in general is in-
versely proportional to the stiffness of the spring. An inter-
esting finding is that the spring seems to behave quite
differently depending on whether the diffusion coefficient
of the bead is larger or smaller than the reference value,
D0 � 3 � 10�9 cm2/s: at D � D0 both �z�� and 	z�

2 evaluated
at a given K do not depend on the values of D and [T] and
are approximately equal to the “equilibrium” values evalu-
ated from Eqs. 13 and 14, respectively; while at small D
both �z�� and 	z�

2 increase as D decreases with an increase that
is proportional to the value of [T]. That is, when D is equal
to or greater than D0, the dynamic properties of the spring
is completely determined by the Brownian motion of the

FIGURE 3 Strain and force probability den-
sity (pd) functions of the spring evaluated at
different values of K and D. The pd of the strain
shown in (A)–(D) was evaluated directly from
the z�(t) records in Fig. 2 at a rate of 5 kHz and
was converted to force in (E) and (F) by multi-
plying by K. The external force was fixed at F� �
3.59 pN and the concentration of ATP was fixed
either at 2000 �M (left panels) or at 40 �M
(right panels). Solid curves are for D � D0 (�
3 � 10�9 cm2/s, the reference value) and dotted
curves are for D � 0.001 D0. The values of K are
indicated in the figures.
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bead, independent of the movement of the motor. In con-
trast, the dynamic behavior of the spring depends on both
the movement of the motor and the bead when D is very
small. This result is due to the fact that the relative rates of
the relaxation of the spring and the turnover of the motor are
very different at high and low D values. For example, at
K � 16 and D � D0 � 3 � 10�9 cm2/s, the time constant
of relaxation of the spring is equal to KD/L2 � 75,000 s�1,
which is much larger than the cycling rate constant of the
motor: (k� �

� k� �
� � k� �

� k� �
� )/(k� �

� � k� �
� � k� �

� � k� �
� ) � 140 s�1

at [T] � 3 mM. This is true even when K is reduced from
16 to 1. Thus, at D � D0 the bead can relax to its “equi-
librium” position quickly after each translocation event of
the motor. As a result, the translocation of the motor con-
tributes very little to the fluctuation of the strain of the
spring, so that both �z�� and 	z�

2 are approximately equal to
those evaluated from Eqs. 13 and 14, respectively. How-
ever, when D is greatly reduced so that the two rate con-
stants become comparable, then the fluctuation of the strain
of the spring is determined not only by the Brownian motion
of the bead, but also by the movement of the motor. The
mean strain of the spring is larger than that from Eq. 13
because the bead cannot relax to its equilibrium position
quickly after each translocation event of the motor. The

variance is larger than that from Eq. 14 because the strain
fluctuation now contains contributions from both the motor
and the bead.

The mean and the variance of the force fluctuations, �F� �s

and 	F� s

2 , obtained directly from �z�� and 	z�
2 are shown in Fig.

4, C and D. Similar to the strain, both the mean and the
variance of the force of the spring evaluated at a given K are
also independent of D at high D and become inversely
proportional to D when D is drastically reduced. Interest-
ingly, the strain and the force of the spring evaluated at a
given D have very different K-dependencies. In contrast to
the strain, the mean force of the spring is not very sensitive
to the value of K: independent of K at D � D0 and only
slightly dependent on K at very low D values (compare Fig.
4, A and C). However, similar to the strain, the variance of
the force is very sensitive to the value of K at any given D.
However, as can be seen from Fig. 4, B and D, the K-
dependency is very different for the two variances: as K
increases, 	z�

2 decreases while 	F� s

2 increases.

The randomness of the motor movement

Let x(t) denote the distance traveled by the bead in time t
obtained from the time series of displacements of the bead

0

20

40

60

80

100

120

140

K=1

A

[T]=2000 µM

F=3.59 pN

M
ea

n 
z,

 n
m

2

3

4

5

6

7

8

9

10

-3 -2 -1 0 1

4

16

C
M

ea
n

F s
,

pN

0

20

40

60

80

100

120

140
B F=3.59 pN

V
ar

ia
nc

e 
z,

nm
2

0

1

2

3

4

5

6

7

8

-3 -2 -1 0 1

D

V
ar

ia
nc

e
F

s,
 p

N
2

K=1

K=1

K=16

K=4

K=4

K=16

K=4

K=16

K=1

[T]=40 µM

Log( D /D0) Log( D /D0)

FIGURE 4 The mean and the variance of the
strain z(t) (A and B) and the force in the spring (C
and D) evaluated from the probability density
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are for [T] � 2000 �M and dotted curves are for
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as shown in Fig. 2. Then, the randomness r of the velocity
of the bead is defined as (Visscher et al., 1999)

r � lim
t3�

�x2�t�� � �x�t��2

L�x�t��
, (15)

where the angle brackets denote an ensemble average. One
must note that at long time the distance traveled by the bead
and that by the motor are practically identical. Therefore,
for a processive motor, the randomness is also defined as

r � lim
t3�

�n2�t�� � �n�t��2

�n�t��
. (16)

where n(t) is the number of cycles completed by the motor
in t.

Because we cannot obtain ensemble averages of x(t)
(or n(t)) in the limit of t 3 �, the randomness was
obtained by extrapolation. That is, the value of r at finite
times, r(t), was first evaluated from displacement records
such as those shown in Fig. 2 for a number of t values and
plotted as a function of 1/t. The randomness is then equal
to the intercept at 1/t � 0 (see the inset in Fig. 5). In
general, each ensemble contains 20,000 simulation runs.
The randomness evaluated is plotted as a function of D in
Fig. 5, A and B and as a function of K in Fig. 5, C and D.
Several interesting results can be seen from these figures.
First, similar to the mean velocity as found in paper I, the
randomness of the velocity evaluated at fixed K, F, and

[T] also decreases slightly as the diffusion coefficient D
is slightly reduced from the reference value of 3 � 10�9

cm2/s. A pronounced decrease occurs only after D is
reduced by more than 10-fold (see Fig. 5, A and B).
Curves of randomness as a function of D have also been
obtained for K � 4 (data not shown). The shapes of the
curves are very similar, except that the randomness val-
ues are relatively smaller. Second, randomness evaluated
at fixed D, F, and [T] seems less affected by the stiffness
of the spring if the diffusion coefficient is equal to or
larger than the reference D0, as can be seen from Fig. 5
C. In contrast, the randomness decreases as K decreases
if D is reduced 1000-fold from the reference value (see
Fig. 5D). Third, the randomness evaluated based on the
chemical-kinetic (CK) formalism of Fisher and
Kolomeisky (1999b) is different from that evaluated us-
ing the Monte Carlo (MC) method. As shown in Fig. 5. A
and B, the randomness evaluated at high D (equal to or
larger than D0) using the CK formalism may be slightly
larger or smaller than the actual MC value, depending on
the value of [T]. And, when the value of D is �0.1 D0,
the CK formalism always largely overestimates the actual
randomness (see Fig. 5 D). That is, the CK formalism is
expected to generate erroneous randomness when the
diffusion coefficient of the bead is very small. This
conclusion does not depend on the value of K, as can be
seen from Fig. 5 D.

FIGURE 5 The randomness as a function of D
(in A and B) and as a function of K (in C and D) at
F� � 3.59 pN (diamonds) and F� � 0 pN (circles)
and [T] � 2000 �M (filled symbols) and [T] � 20
�M (open symbols). The values of the randomness
evaluated using the chemical-kinetic (CK) formal-
ism are independent of D and K and are shown in
thin (for [T] � 2000 �M) and dashed ([T] � 20
�M) lines in (A), (B), and (D). Inset: the extrapo-
lation method used to obtain the randomness at
infinite times.
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DISCUSSION AND CONCLUSIONS

The ultimate aim of this series of studies is to elucidate the
load-dependent mechanochemical cycle of kinesin (or other
processive) motors using data obtained from biochemical
studies and in vitro motility assays. Data from the VSB
motility assay (Visscher et al., 1999), in which the move-
ment of a bead attached elastically to a single moving motor
can be monitored under a force clamp, are especially useful
for this purpose because the load carried by the motor can
be manipulated externally. However, because the bead in
the VSB assay is free to undergo Brownian motions, the
force exerted on the motor by the bead is not constant, but
fluctuates randomly. Thus, in modeling with the VSB data
one needs a formalism that takes into account explicitly the
hydrodynamic behavior of the bead. One of the purposes of
this paper and paper I (Chen and Yan, 2001) is to derive
such a formalism. That is, we are interested in procedures
that can be used to calculate the velocity of the motor and
the bead when both the hydrodynamic parameters of the
system and the kinetic parameters of the “mechanochemi-
cal” cycle of the motor are given. In paper I, we solved the
Fokker-Planck equations for the bead and derived a semi-
analytic formalism that can be used to calculate the mean
velocity of the motor. In this paper, we present a Monte
Carlo procedure that can evaluate not only the mean but also
the variance (dispersion or randomness) of the velocity of
the motor.

Load fluctuation generates different effects on
the mean and the randomness of the
motor movement

In addition to formulating the procedure, another purpose of
this paper is to study how the randomness of the velocity of
the motor is affected by the Brownian motion of the cargo
(or the bead in the VSB assay) it carries. In particular, we
want to compare how the mean velocity and the randomness
of the movement of the motor are affected by the load
fluctuations.

As shown in Fig. 5, A, and B, the D-dependence of the
randomness is very similar to that of the mean velocity: the
randomness remains relatively unchanged as D is varied
near the reference value of D0 � 3 � 10�9 cm2/s and drops
sharply after D is reduced more than 10-fold. A similar
result has also been obtained for the case with a reduced K
(K � 4, data not shown). In contrast, the K-dependence of
the randomness is quite different from that of the mean
velocity. As shown in Fig. 5, C and D, the randomness
remains relatively constant as a function of K at D0 and
decreases almost linearly as K decreases at D � 0.001 D0.
This result implies that the randomness is very sensitive to
the mean value of the load exerted on the motor, but not
sensitive to the fluctuation of the load. This conclusion can
be easily realized if one examines the K-dependencies of the

mean and the variance of the force fluctuations at high and
low D values shown in Fig. 4, C and D: the variance
depends on K at any D value, while the mean depends on K
only at very low D values. However, the mean velocity of
the motor is sensitive to both the mean and the variance of
the load applied to the motor, because the mean velocity of
the motor was found to be inversely proportional to the
value of K at both D � D0 (see Fig. 2 of paper I) and D �
0.001 D0 (data not shown). Thus, it is concluded that the
fluctuation of the load produces different effects on the
mean velocity and the randomness of the movement of the
motor. This result highlights the importance of studying
both the mean and the randomness of the velocity as a
function of the hydrodynamic parameters of the system,
such as the size of the bead, the viscosity of the medium,
and the stiffness of the elastic element, etc., when modeling
the kinetic mechanism of processive motors.

However, we do not know exactly why the randomness
decreases as a function of K at low D as shown in Fig. 5D.
In general, the randomness of the velocity of a motor is
approximately inversely proportional to the number of
“rate-limiting” steps in the mechanochemical cycle of the
motor (Svoboda and Block, 1994; Schnitzer and Block,
1995), if the hydrodynamic interaction of the bead is ne-
glected. This is the reason that the randomness calculated
using the “chemical-kinetic” formalism for this two-state
model is always larger than 0.5 (see the thin and dotted lines
in Fig. 5, A–D). Why the randomness can be reduced even
below 0.5 at small D for this two-state model as shown in
Fig. 5D is an interesting problem remaining to be studied.

Does a motor move faster or slower when
neglecting the Brownain motion of the cargo?

Because the cargo (or bead) carried by a biological motor in
vivo (or in vitro motility assays) is constantly undergoing
Brownian motion (this is the difference between a macro-
scopic and a microscopic motor system), it is interesting to
know whether the presence of the Brownian motion in-
creases or decreases the velocity of the motor. As shown in
paper I, the velocity of the motor in the VSB assay was
found to increase when the stiffness of the spring K is
reduced or when the diffusion coefficient of the bead D is
increased. Because reducing K or increasing D in general
increases the amplitude of the Brownian motion of the bead,
one might conclude that the motor moves faster in the
presence of the Brownian motion of the bead. However, it is
the fluctuation of the “force” exerted on the motor, not that
of the displacement of the bead, that is directly involved in
the turnover of the motor. Thus, to answer the above ques-
tion, one must look at the effect of K and D on the fluctu-
ation of the force (or stress) of the elastic spring. Because K
affects mostly the fluctuation of the force as discussed in the
previous section (or see Fig. 4, C and D), it is sufficient to
use the K-dependence to examine how the motor turnover
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rate is affected by the force fluctuation of the spring. As
shown in paper I, the movement of the motor slows down
when the value of K increases. Thus, from Fig. 4 D we
conclude that the motor moves slower as the force fluctua-
tion becomes larger. In other words, the presence of fluc-
tuation of the force in the elastic spring caused by the
presence of the Brownian motion of the bead should de-
crease, rather than increase, the turnover rate of the motor.
However, because the force fluctuation becomes smaller
when K is reduced, the reduction in motor velocity by the
presence of the Brownian motion of the bead becomes
smaller when the Brownian motion is increased. That is,
when attached with a cargo, the velocity of a motor slows
down if the cargo is allowed to undergo Brownian motion,
but the degree of the slow-down is reduced when the
Brownian motion becomes larger. This is the reason why
the velocity of the motor evaluated using the “chemical-
kinetic” formalism, in which the Brownian motion of the
bead is neglected, is always an overestimate, as shown in
Fig. 5 of paper I.

The procedure can be useful in estimating the
values of K and D

The fact that both K and D have an effect on both the mean and
the randomness of the velocity of motor implies that, before
single-motor motility data can be used to deduce the kinetic
mechanism of the motor, it is important to determine the values
of these two parameters present in the motility assay. In gen-
eral, these two parameters can be determined by analyzing the
displacement fluctuations of the bead (which is identical to the
strain fluctuations of the spring). If the spring is linear (obeys
Hooke’s law) and the motor is not moving, the values of K and
D can be obtained from the measured strain fluctuations using
Eq. 14 and the following equation:

� �
L2

KD

where � is the (measured) decay time constant of the time-
correlation function of the strain fluctuation (Howard, 2001).
However, if the strain fluctuations are measured in the pres-
ence of movement of the motor or if the spring is nonlinear, the
values of these two parameters can be estimated by numerical
model simulations. In this case, the Monte Carlo method
presented in this paper becomes very useful.
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